Introduction.
Let (S2, h) be a 2-dimensional sphere with metric h, and let Xo = 0 <X1 = X1(h) < X2 <_ ... be eigenvalues of the Laplacian d on (S2, h) acting on smooth functions. J. Hersch [3] showed that (*) 1/X1 + 1/?2 + 1/X3 > (3/82c)Vol(S2, h) holds, and in particular (**) Xl(h)Vol(S2, h) < 87 ,
where Vol(S2, h) denotes the volume of S2 with respect to h. Equality in (*) or (**) holds if and only if h is a constant curvature metric. M. Berger [1] showed that (*) cannot be generalized for (Sm, h), m>_3. With respect to (* *), M. Berger [1] posed a problem:
Let M be a compact smooth manifold; then does there exist a constant k(M) depending only on M such that the first eigenvalue 1(h) of the Laplacian satisfies (***) ~1(h)Vol(M, h)2~m < k(M)
for any Riemannian metric h? H. Urakawa [5] showed the following: Let G be a compact connected Lie group with a non-trivial commutator subgroup; then there exists a family of left invariant Riemannian metrics g(t) (0 < t < cc) on G such that (****)~1 (g(t)) -~ cc as t -~ c ,
and Vol(G, g(t)) = constant. In particular, since S U(2) is diffeomorphic to 53, there exists no constant k(S3) for a 3-dimensional sphere S3 such that (* * *) holds.
The purpose of this paper is to prove that for any odd dimensional sphere Stn+1 there exists no constant k(S21) such that (***) holds. Namely we show the following.
THEOREM. Any odd dimensional sphere Stn+1, n 1, admits a family of Riemannian metrics g(t) (0 < t < cc) such that the first eigenvalue X1(g(t)) of the Laplacian satisfies (****) and Vol(S2n+19 g(t))= constant.
Definition of g(t)
. Let Em+1 be a Euclidean (m + 1)-space and CEn+1 be a complex Euclidean (n + 1)-space.
Let (Sm, g) (m = 2n + 1 >_ 3) be a unit sphere in Em+1 with the induced metric g and let be a natural Sasakian structure on (Sm, g). That is, e is a unit Killing vector field with respect to g on Sm such that, for x e Em+1 n Sm, two vectors x and x determine a holomorphic plane in Em+1 with respect to the complex structure of CE' = Em'. Let be the 1-form on Sm dual to e with respect to g. We define a one parameter family of Riemannian metrics g(t) by
Easily we get LEMMA 2.1. Volume elements with respect to g(t) and g(1) = g are identical; dSm(g(t)) = dSm(g), and Vol(Sm, g(t)) = Vol(Sm, g).
From now on by dSm we denote both of the volume elements. By (g3k) we denote the inverse matrix of (g1) in a local coordinate neighborhood (U, xi). By J7 and d we denote the Riemannian connection and the Laplacian with respect to g. We also write (t'g instead of g(t).
((t)g~k), (t) V and (t'd etc. denote ones with respect to (t)g• The relation between ((t)g5k) and (gjl) is given by (cf. S. Tanno [4] , p. 702)
The difference Wk = (t'T k -I' k of the Christoffel's symbols is given by
where c = -V. i iNote that ~ = 0 and hence, g~kW~k -0 , e'ekW,k = 0 .
Let f be a function on Sm and put d f = (f1) _ (a f/axi). Then
By (2.2) and ct) pafk = v~fk -W,,cf r, we get 
where [k/2] is the integral part of k/2, and for cp e VB(Xk), 0 = k -2p,
PROOF. Since L is a skew-symmetric transformation of V(~k), each non-zero eigenvalue of L~ is purely imaginary.
Hence, each eigenvalue of LeLg is real and non-positive.
Let f be an eigenf unction of LSLe, according as the expression of (3.1) reduces to the lower degree. Here, 8 = k -2p means that the degree of the reduced expression of (3.1) is equal to k -2 p for some l and < k -2 p for any 1. Denoting by V0(X) the eigenspace of LeLe corresponding to _02 = -(k -2p)2, we have the decomposition (3.2).
q.e.d. REMARK 1. We show that Vk(~k) ~ {0}, Let F be a harmonic homogeneous polynomial of degree k in Em+l(xa' ya) such that Since {cpk} ,vis also a complete orthonormal base of the space of smooth functions on Sm with respect to g(t), and since each q-k,v is an eigenf unction of it'd, Spec(Sm, g(t)) is given by eigenvalues for {q} (cf. [2] , Lemma A.II. 1, p. 143). PROPOSITION 4.2. The first eigenvalue of (Sm, g(t)), m = 2n + 1, is given by
In particular, 2nt < ?1(g(t)) < 4(n + 1)t, o < t < .
PROOF. Since ? k = k(m + k -1), by (4.1) the first (non-zero) eigenvalue can be found among (1) tk(m+k-1)-t(1-t-m)k2 k>_1, (11) tk(m+k-1)-t(1--t-m) k=odd>_1, (iii) tk(m + k -1) k = even > 2. The minimum for (i), (ii) is given by t(m --1 + t-m), and the minimum for (iii) is given by 2t(m + 1).
q.e.d. holds, where g is a constant curvature metric. This is a counterexample to the natural generalization of (*) in the introduction. For each odd dimensional sphere S2~+', as a simple example of such a Riemannian metric h we may put h = g(t) given by (2.1) where t is sufficiently near 1. In fact, X1(g(t)) _ (2n + t-m)t has multiplicity m + 1, and (2n + t-m)t > m.
Thus, (5.1) holds for any g(t); t-m < m + 3, t ~ 1.
